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Colliding branes without Z2 symmetry and the formation of spacetime singularities in string 
theory are studied. After developing the general formulas to describe such events, we study a 
particular class of exact solutions first in the 5-dimensional effective theory, and then lift it to the 
10- dimensional spacetime. In general, the 5-dimensional spacetime is singular, due to the mutual 
focus of the two colliding 3-branes. Non-singular cases also exist, but with the price that both 
of the colliding branes violate all the three energy conditions, weak, dominant, and strong. After 
lifted to 10 dimensions, we find that the spacetime remains singular, whenever it is singular in the 
5-dimensional effective theory. In the cases where no singularities are formed after the collision, we 
find that the two 8-branes necessarily violate all the energy conditions. 
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I. INTRODUCTION 

Branes in string/M-Theory are fundamental con- 
stituents and of particular relevance to cosmology 
0, 0]. These substances can move freely in the bulk, 
collide, recoil, reconnect, and whereby, among other pos- 
sibilities, form a brane gas in the early universe or 
create an ekpyrotic/cyclic universe 0. Understanding 
these processes is fundamental to both string/M-Theory 
and their applications to cosmology [6] . 

Recently, Maeda and his collaborators numerically 
studied the collision of two branes in a five-dimensional 
bulk, and found that the formation of a spacelike singu- 
larity after the coUision is generic (See also {sj). This 
is an important result, as it implies that a low-energy de- 
scription of colliding branes breaks down at some point, 
and a complete predictability is lost, without the com- 
plete theory of quantum gravity. Similar conclusions were 
obtained from the studies of two colliding orbifold branes 
0. However, lately it was argued that, from the point of 
view of the higher dimensional spacetime where the low 
effective action was derived, these singularities are very 
mild and can be easily regularised ■ 

Lately, we constructed a class of exact solutions with 
two free parameters to the five-dimensional Einstein field 
equations, \yhich represents the collision of two timelike 
6- branes 11 . We found that, among other things, space- 
like singularities generically develop after the collision, 
due to the mutual focus of the two branes. Non-singular 
spacetime can be constructed only in the case where both 
of the two branes violate the energy conditions. 

In this paper, we shall systematically study the col- 



lision of two timclike 8-branes without Z2 symmetry in 
the framework of string theory. In particular, in Sec- 
tion II, starting with the Neveu-Schwarz/Neveu-Schwarz 
(NS-NS) sector in (D+d) dimensions, Mo+d = Md x Md, 
we first obtain the D-dimensional effective theory in both 
the string frame and the Einstein frame, by toroidal com- 
pactifications. To study the collision of two branes, we 
add brane actions to the D-dimcnsional effective action, 
and then derive the gravitational and matter field equa- 
tions, including the ones on the two branes. In Section 
III, we apply these general formulas to the case where 
D = 5 = d for a large class of spacetimes, and obtain the 
explicit field equations both outside the two branes and 
on the two branes. In Section IV, we construct a class 
of exact solutions in the Einstein frame, in which the po- 
tential of the radion field on the two branes take an ex- 
ponential form, while the matter fields on the two branes 
are dust fluids. After identifying spacetime singularities 
both outside and on the branes, we are able to draw 
the corresponding Penrose diagrams for various cases. In 
Sections V, we study the local and global properties of 
these solutions in the 5-dimensional string frame, while 
in Section VI we first lift the solutions to 10 dimensions, 
and then study the local and global properties of these 
10-dimensional solutions in details. In Section VII, we 
derive our main conclusions and present some remarks. 
There is also an Appendix, in which we study a class of 
10-dimensional spacetimes. In particular, we divide the 
Einstein tensor explicitly into three parts, one on each 
side of a colliding brane, and the other is on the brane. 
It is remarkable that the part on the brane can be written 
in the form of an anisotropic fluid. 



II. THE MODEL 
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Md X Md, where for the string th eory we have D+d = 10. 
Then, the action takes the form 



S 



D+d 



"D+d 



V\9D+d\e * ^^RD+d[g] 

(2.1) 



where in this paper we consider the {D + (i)-dimensional 
spacetimes described by the metric, 



ds 



D+d = dABdx^dx^ = -fab (x") dx°'dx^ 

+4)"^ {x'')^,j{z'')dz'dz^ , (2.2) 



with {x'^) a-iid {x'^) depending only on the coordi- 
nates of the spacetime M^i, and 7^ (z*^) only on the 
internal coordinates z*"', where a,b,c = 0,1, 2, — 
1; ij,k = D,D + 1,...,D + d ~ 1; and A,B,C = 
0,1,2,...,!? + d — 1. Assuming that matter fields are 
all independent of z*^, one finds that the internal space 
Md must be Ricci flat. 



R[j] = 0. 



(2.3) 



For the purpose of the current work, it is sufficient to 
assume that Md is a d— dimensional torus, T'^ — x 
X ...X S^. Then, we find that 



RD+dig] = Rd[i] 

2 



-^7"''(VaVfc0''). (2.4) 



Ignoring the dilaton <t and the form fields H, 

^ = = H, (2.5) 

we find that the integration of the action (|2.ip over the 
internal space yields. 



S 



1 



D 



[7] 



7"' (Va0) {Vb$) \ , (2.6) 



where 



and V, is defined as 



"D+d 



(2.7) 



= j ^d^-z 

compactificati( 
^27rVa'^ , where (27ra') is the inverse string tension. 



(2.8) 



For a string scale compactification, we have Vs 

d 



After the conformal transformation, 



dab 



(2.9) 



the D-dimensional effective action of Eq. (|2.6p can be cast 
in the minimally coupled form. 



{E) 



s 



where 



1 



2k|, 



^^^\mA{RD[g] 



± 



{D + d~2)d 
{D - 2) 



1/2 



In 



(2.10) 
(2.11) 



The action of Eq. (|2.6p is usually referred to as the 
string frame, and the one of Ea. (j2.10p as the Einstein 
frame. It should be noted that solutions related by this 
conformal transformation can have completely different 
physical and geometrical properties in the two frames. 
In particular, in one frame a solution can be singular, 
while in the other it can be totally free from any kind of 
singularities. A simple example is the flat FRW universe 
which is always conformally flat, ^ab = o?'{T)riab- But 
the spacetime described by 7ab usually has a big bang 
singularity, while the one described by rjab is Minkowski, 
and does not have any kind of spacetime singularities. 

To study the collision of two branes, we add the fol- 
lowing brane actions to s')^^ of Ea. (|2.10p . 



S 



{E.I) 
D-l,m 



M'i- 



BD-l 



(2.12) 



where I — 1,2, V^^i(0) denotes the potential of the 
scalar field (j) on the 1-th brane, and are the in- 

trinsic coordinates of the Tth brane, where ^l, v, \ — 
0,1,2,...,!:)- 2. rKHV') is the La grangian density of 
matter fields located on the 1-th brane, denoted collec- 
tively hy ip- It should be noted that the above action 
does not include kinetic terms of the scalar field on the 
branes. This setup is quite similar to the Horava-Witten 
heterotic M-Theory on 5*7^2 [Hill, in which the two 
potentials V^^\4>) and V^^\(j)) have opposite signs. It is 
also similar to the modulus stabilization mechanism of 
Goldberger and Wise [iB] , which has been lately applied 
to orbifold branes in string theory [l6j . The two branes 
are localized on the surfaces. 



or equivalently 



{x") = 0, 



(2.13) 



(2.14) 



^ denotes the determinant of the reduced metric g\ju 
of the I-th brane, defined as 



(/) = {I)b 
5/^1/ — gabGi^^^ Bj^^ 



M 



(I) 



(2.15) 
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where 



tensor is given by 



(/) a ^ 



(2.16) 



Ml 



Then, the total action is given by, 

2 



ME) _ ME) MEJ, 
'^total — '^D + Jd-I 



(2.17) 



1=1 



Variation of the total action (|2.17p with respect to gab 
yields the D-dimcnsional gravitational field equations, 

(2.18) 



1=1 



xe 



\ 



go 



where 



t: 



rp(rn,I) _ r, "^D-l (I) Am J) 



(2.19) 



and Va ^vl/"*^ denotes the covariant derivative with re- 
spect to gab (^gjljy 

Variation of the total action with respect to (f), on the 
other hand, yields the Klein-Gordon field equations. 



E 

1=1 



y_D-i 



go 



5{^i), (2.20) 



where □ = g Va^b- We also have 

y{I)rp{m,I) fll^ _ Q 



(2.21) 



Since we are mainly interested in collision of branes in 
the string theory, in the rest of this paper we shall set 
D = 5 = d. 



III. COLLIDING TIMELIKE 3-BRANES IN THE 
EINSTEIN FRAME 

We consider the 5-dimensional spacetime in the Ein- 
stein frame described by the metric. 



dsl — gabdx°'dx'' 



= e2^(*'«) {dt^ - dy^) - e2"(*'«)dl]2, (3.1) 

where dSg = (dx^)^ + {dx^Y + {dx^Y , and a;° = t, 
x^ = y. Then, the non-vanishing components of the Ricci 



Rtt = - {it^ ,u + cr ,tt + .t {i^ ,t - ,t) 

-(J,yy - ii^.yfT.y] , (3.2) 
Rty = -"i {UO ^ty + ^ ,y - ^ ^Cr ^y - (jj ^ya ^t] ■, (3.3) 
Ryy = - {'^^ ,yy + ,yy + ,v ..y - ,v) 

-cr,u - 3w,ta t} , 



-{uj^yy + SUJ^y'^)} , 



(3.4) 
(3.5) 



where now i, j — 2, 3, 4, and w.t = duj/dt, etc. 

We assume that the two colliding 3-branes move along 
the hypersurfaces given, respectively, by 



^i(t, y) 
*2(t, y) 



t — ay = 0, 
t + by^O, 



(3.6) 



where a and b are two arbitrary constants, subjected to 
the constraints. 



> 1, b^ > 1, 



(3.7) 



in order for the two hypersurfaces to be timelike. The 
two colliding branes divide the whole spacetime into four 
regions, / — IV, which are defined, respectively, as 



Region I = {x°- 

Region II = {x^ 

Region III ee {x"" 

Region IV = {x"^ 



$1 < 0, $2 < 0}, 
$1 > 0, $2 < 0}, 
$1 < 0, $2 > 0}, 
$i>0, $2>0}, (3.8) 



as shown schematically in Fig. [T] In each of these regions, 
we define 



F = -F(i,2/)|Region A 



(3.9) 



where now A ^ I, II, III, IV. 

We also define the two hypersurfaces Ei and S2 as. 



El = {x" : $1=0}, 
E2 = K: $2=0}. 



(3.10) 



Then, it can be shown that the normal vectors to each of 
these two surfaces are given by 



where 



la -- 

N 



N{6'a-a6ya), 
L {51 + 6<5^) , 



F{t,y)U^^o, 



(3.11) 



(a2 - 1 



1/2' 



(62 



1 



,1/2' 



(3.12) 
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FIG. 1: The five-dimensional spacetime in the {t, y)-plane 
for a > 1, 6 > 1. The two 3-branes are moving along the 
hypersurfaces, Si and E2, which are defined by Ea. (|3.10|l in 
the text. The four regions, / — IV, are defined by Eq. (|3.8p . 

with F = {cr, uj, (j)}. We also introduce the two timelike 
vectors Uc and Vc via the relations, 

ua = N{aSi-5y), 

Va = L{bSl + Sy). (3.13) 

It can be shown that these vectors have the following 
properties, 

nan" = -l^W, 

UaU°- = +1 = VaV", 

nav"- = Q = laV\ (3.14) 

In the following, we shall consider field equations, 
(PT5)) and (I2?ini), in Regions I - IV and along the hy- 
persurfaces Si. 2, separately. 

It should be noted that in the above setup, the two 3- 
branes do not have the Zi symmetry, in contrast to the 
setup of Horava-Witten in M theory [l3| and of Randall- 
Sundrum [l7| . 

A. Field Equations in Regions / — IV 

In these regions, the field equations of Eas. (|2.18p and 
^TM) take the form, 

^ab = (3.15) 

□ (^)(^^ = 0, (3.16) 

where ^) = nzfj), and a^^) = 5^ '^''Vi'*V^'*\ and vi'^^ 
denotes the covariant derivative with respect to g^^^, and 



g^ij is the metric defined in Region A. From Ea. (|3.5p and 
the fact that tp — ip{t,y), we find that 

u; = ^lnif{t + y)+git-y)), (3.17) 

where f (t + y) and g {t — y) are arbitrary functions of 
their indicated arguments. Note that in writing Eq. (|3.17p 
we dropped the super indices A. In the following we 
shall adopt this convention, except for the case where 
confusions may raise. In the following we consider only 
the case where 

/V ^ 0, (3.18) 

where a prime denotes the ordinary derivative with re- 
spect to the indicated argument. Then, introducing two 
new variables ^± via the relations, 

^±{t,y) = f{t + y)±g{t-y), (3.19) 

we find that Eq. (PT5)l yields, 

M+ - + (3.20) 

M_ = e+</5+(^_, (3.21) 

and 

M++-A/__ = -1(^+2 (3 22) 
where M± = dM/d£,±, and 

M (C+, e-) - ^ + J lne+ - ^ In (4/'5') . (3.23) 
On the other hand, Eq. (|3TT6)) can be cast in the form, 

^++ - V>— + - 0. (3.24) 

?+ 

It should be noted that Eas. (IX^ - (|X^ and (IX^ are 
not all independent. In fact, Eq. ()3.22|) is the integrability 
condition of Eqs. (|3.20p and (|3.2ip . and can be obtained 
fromEqs.jSJO]), ((33T|l and ([3^. Therefor e, in R egions 
/ - IV, the field equations reduce to Eqs. ([^?20l) . ([3?2T|) 
and (13:241) . 

To find solutions, one may first integrate Eq. (|3.24p to 
find If, and then integrate Eas. (|3.20p and (|3.2ip to find 
M . However, Ea. (|3.24p has infinite numbers of solutions, 
and the corresponding general solutions of AI has not 
been worked out yet [l8| . Once f and M are known, the 
metric coefficients a and w are then given by 

= Af~iln(/ + .9) + iln(4/V), 
Lo = ihi(/ + 5). (3.25) 
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B. Field Equations on the 3-branes 

1. Field Equations on the surface $i = 

Across the hypersurface $i = O^for any given C" func- 
tion F{t, y), it can be written as [19|. 

F{t, y) = F+{t, y)H ($1) + F-{t, v)[l~H ($1)] , 

(3.26) 

where F^ {F^) denotes the function F{t,y) defined in 
the region $1 > ($1 < 0), and H{x) denotes the heav- 
iside function, defined as 



H 



1, x> 0, 
X <0. 



(3.27) 



On the other hand, projecting F^a onto the Ua and Ua 
directions, we find 



where 



Fu — ^ F F^ — 71 F r 



(3.28) 



(3.29) 



Since [Fu] = due to the continuity of F across the 
branes, from the above expressions we find 



[FA 



[Fn] na, 



where 



\F_r. 



lim F\ — lim F 



(3.30) 



(3.31) 



Then, we find that 

F^t = ^^+ij($i) + F:,[i-i/($i)], 

F,y = F+i7(<i>i) + F7^[l-i/(<i>i)], 
F„ = F+,i/(<i>i) + F:„[l-i/($i)] 

-7V[F„]-5($i), 
F^,y = F+yH{^^) + F-,y[l-H{<^^)] 

+aN [F„]-5($i), 

F,yy = F+yyH{^,)+F:yy[l-H{^,)] 

-a2jV[F„]-(5($i), (3.32) 

where 5 ($1) denotes the Dirac delta function. Then, we 
find that the Ricci tensor given by Eas. (|3.2p - (|3.5p can be 
cast in the form, 

Rab = i?+,i?(<i>i) + i?-Jl-i?(<i>i)] 

+i?'aT^($l), (3.33) 

where R\^^ i^ ab) Ricci tensor calculated in the 

region $1 > ($1 < 0), and denotes the Ricci ten- 
sor calculated on the hypersurface $1 = 0, which has the 



following non- vanishing components. 



R 



Irn 



N 



{SM -(a2_i)[a„] }, 



Rr^ = -3a7VK]-, 

i?^;; = N {3a2 [c^„]- + - l) [a,,]- } , 

On the hypersurface <i>i = 0, the metric (|3.ip reduces 

to 

= 9i'Jd^^,^dC^i) = dr' - al{T)dJ:l, (3.35) 
where ^^^^^ = |t, a;^, x^, x^}, and 



dr = 

with — ±1. Then, wc find that 



(3.36) 



dr - H * a ^ 



dx"" 



9i 



95 



(3.37) 



where z = 2, 3, 4 and t = dt/dr. Then, the field equa- 
tions of Eq. (|2.18p can be written as 

3 (a^ — 1 ^ ^ 



2[w„] -I- [cr„]" 



(a2 _ 1) 



'-pS;'), (3-39) 



where in writing the above expressions we had assumed 
that T^™'^'' takes the form of a perfect fluid, 

rpin.,1) ^ fn(l)+„(l)')ii;(l)u,« -pWoW 
fill — IPrn ' frn I ^ -Fm y/^i^ i 



(3.40) 



Similarly, it can be shown that the Klein-Gordon equa- 
tion (|2.20p and the conservation law of the matter fields 
(|2.2ip on El take, respectively, the forms, 



(a2 - 1)^/2 d(j) 



(3.41) 



dp, 



(1) 



dr 

where Hu = du/au 



+ 3i/„(p«-l-p«) =0, (3.42) 
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2. Field Equations on the surfaee $2 = 

Following a similar procedure as what we did in the last 
sub-section, one can show that the Ricci tensor across the 
brane $2 = can be written as 

(3.43) 

where R^^j^ {R~ab) ^'^'^ Ricci tensor calculated in 

the region <i>2 > ($2 < 0), and denotes the Ricci 
tensor calculated on the hypersurface $2 = 0, which has 
the following non- vanishing components, 



r/Im 



L 



R 



R 



ty 

Im 

yy 



= 3bL \uji] 



R 



= Le'^-'"'--'"'^b'^l)[cui]-S.„ (3.44) 



where uji = l°'Lu,a etc. On the hypersurface $2 = 0, the 
metric p.ip reduces to 



- 5l.'Jrf^r2)<2) = dv' ~ aliv)d^l (3.45) 
62 



dsi 



where ^^^j = {v^ ■, ■, 



CLviv) 



1 \ ^(2) 



dt, 



(3.46) 



with erj = ±1. Then, we find that 



„(2) a 
,(2) a 



dr] 



= t* 1^6^ 



b y 



\ 



(2) 
9 A 



95 



(2) 



(3.47) 



where t* = dt/dij. Hence, the field equations of Eq. (|2.18p 
can be written as 



.2„-£t(2' 



2N 



H\ = 



(3.49) 



3(&2 



^ rv^(2) _ „(2 

1/2 14 y-m 



1 



where in writing the above equations we had assumed 
that T^JI*'^'' takes the form, 

r(™,2) ^ / (2) , (2)\ ^(2) (2) _ „(2) (2) 



W 



(2) 



(3.50) 



Similarly, it can be shown that the Klein-Gordon equa- 
tion (|2.20p and the conservation law of the matter fields 
p.2ip on E2 take, respectively, the forms. 



dp 



i\ = 

(2 



(62-1)1/2 d(j) '■ 



(3.51) 



drj 



+ 3H,(^pll^ +p^^j) =0, (3.52) 



where Hy = al/ay. 



IV. PARTICULAR SOLUTIONS FOR 
COLLIDING TIMELIKE 3-BRANES IN THE 
EINSTEIN FRAME 

Choosing the potentials V^^ {(j)) on the two branes as 



(4.1) 



where ]/j^^'°'''s and a are constants, and that the matter 
fields on each of the two branes are dust fluids, i.e., 

P^A^ = 0, (4.2) 

we find a class of solutions, which represents the collision 
of two timelike 3-branes and is given by 

o = ('x'-^)ln(Xo-X) + ao, 



u = -ln(Xo -X)+wo, 



(4.3) 



where x = ^o, ctqi ^0 and (/)o are arbitrary 

constants, and 

X = b{t-ay)H{<i>i) + a{t + by)H{<^?2) 
{a + b)t, IV, 
a{t + by) , III, 

bit -ay), II, ^^■^> 
0, I. 



The constants a and b are given by 
b (a^ - 1) 



3x2 + 1 ' 



a (62-1) = - 



3^2yf.") 
3x2 + 1 



(4.5) 



When a = ±qo, the solutions reduces to the ones studied 
previously pT| . So, in the rest of this paper we shall 
consider only the case where a 7^ ±00. Without loss of 
generality, we can always set (Jq = ujq = (j)Q = 0, and 
assume that 



Xo>Q. 



(4.6) 
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It can be shown that the field equations, Eas. (|3.15p 
and ijXTC)) [or Eqs. lIX^ . (j?:^ and ([X^ ]. in Regions 
/ — IV are satisfied identically for the above solutions. 
To study the singular behavior of the spacetime in each 
of the four regions, we calculate the Ricci scalar, which 
in the present case is given by 



R 



49 <l>,aC^,b 



where X is given by Eq. (|4.4[) , and 



(4.7) 



B 



(a + 6)2, 
-a2 (52 - 1) 
-52 (a2 _ 1) 
0, 



IV, 
III, 

n, 
I. 



(4.8) 



On the 3-brane located on <I>i 
takes the form. 



0, the reduced metric 



ds 



sisi = ^'^^ - a2(r)d2So, 



where 



_ I [/3(r,-T)]TO 



with 



2|*i=0 



1/3 
' 



$2 > 0, 
$2 < 0, 



(4.9) 



(4.10) 



a 

\a{a + b)\ 
172 



(a2 _ 1) 



Note that in writing the above expressions, we had chosen 
Cr = sign(a+6). From Eas. (|3.38p and p.39p . on the other 
hand, we find that 



•,(1) - 



(1:0) 



Xo-XW{t) 



^ I [Pir, - t)] 



$2 > 0, 
$2 < 0, 



(4.12) 



where 



pirn 

rni 

x(i)(i) 



_ 6(c 



[a + h) tH{<^2). 
From Eqs. fO)) and we also find that 

t)], $2>0, 



(4.13) 



c(3x^+2) 111 



$2 < 0. 



Similarly, on the 3-brane located on the hypersurface 
$2 = 0, the reduced metric takes the form, 



ds 



sis. 



dtf - al{r])d'^T,o, 



(4.15) 



where 



' 



$1 < 0, 



(4.16) 



with = sign(a + b), and 

* I a + b 



^ \bia + b)\ f 2J 

^ ~ (62 _ 1)1/2 \X + 3; ' 

_ -1 



(4.17) 



The field equations p.48p and (|3.49p . on the other hand, 
yield 

,(2). ^ r7H3FT2yln[7(^s-r;)], <i>i>0. 



n(2) 



„(2,0) 



Xo-Xi^){t) 



^ } [7 ('7s - '7)] , $1 > 0, 

*i < 0, 



X, 



(4.18) 



' 



where 



^(2,0) 



a (62 - 1) /2 , 



X(2)(i) EE (a + 6)iiJ($i), 



(4.19) 



It is interesting to note that when = 2/3, we have 
pin =0, (/ = 1, 2), and the two 3-branes are supported 
(4.11) only by the tensions V^'^\4i), which are non-zero for any 
finite value of a [Recall the conditions (j3.7p ]. It is also 
remarkable to note that the presence of these two dust 
fiuids is not essential to the singularity nature of the 
spacetime both in the bulk and on the branes. So, in 
the following we shall study the case with — 2/3 to- 
gether with other cases. 

To study the above solutions further, let us consider 
the following cases separately: (a) a > 1, 6 > 1; (b) 
a > 1, 6 < -1; (c) a < -1, 6 > 1; and (d) a < -1, 6 < 
-1. 



A. a > 1, 6 > 1 
In this case, from Ea. (|4.5p we find that 



(2) 



(4.20) 



(4.14) while Eqs. (|4.12p and (|4.18p show that 



(1) _ />0, x2<2/3, 
<0, x2>2/3, ' 

(2) _ /<0, x2<2/3, 
>0, x2>2/3, • 



(4.21) 
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FIG. 2: The five-dimensional spacetime in the {t, y)-plane 
for a > 1, h > 1. The two 3-branes are moving along the 
hypersurfaces, Ei : t — ay = Q and E2 : t + by = Q. AB 
denotes the line Xq = (a + b)t, AC the line Xo = h{t — ay), 
and BD the line Xo = a{t + by). The spacetime is singular 
along these lines. The four regions, / — IV , are defined by 
Eq.dSl]). 



P I 
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From Eq. (l4.7p we can also see that the spacetime is sin- 
gular along the line Xq = {a + h)t in Region IV , the line 
Xq = a{t + by) in Region ///, and the line Xq = b{t — ay) 
Region //, as shown by Fig. [21 

Before the collision (t < 0), the scalar field is constant, 
— (1)1 = (l/a) In(Xo), but both of the two potentials 



v}^'{(j)) and V^^'{(j)) are not zero, so do the dust energy 
densities pm\ except for = 2/3. In the case = 2/3, 
the dust fluids disappear and the two branes are sup- 
ported only by tensions, denoted by the two constant 
potential vj^\4>i) and v}'^\4'i), which have the oppo- 
site signs, and are quite similar to the case of Randall- 
Sundrum (RS) branes except for that in the RS 

model the two branes have Z2 symmetry, while here we 
do not have. Before the collision, the spacetime on the 
two branes are flat, that is, the matter fields on the 3- 
brane do not curve the 3-branes. However, it does curve 
the spacetime outside the 3-branes. This is quite similar 
to the so-called self-tuning mechanism of brane worlds 

After the collision, the two 3-branes focus each other 
and finally a spacetime singularity is developed at, re- 
spectively, T — Ts and rj ~ rjg. The spacetime on the two 
branes is homogeneous and isotropic, and is described, 
respectively, by Eas. ((49)) - (|4T0)) and Eqs. (|4T5)) - ((4ll)) . 
The corresponding Penrose diagram is given by Fig. [31 



.(2) 



B. a > 1, b < -1 
In this case, we find that 

v}'\(b)<o, v}'\4.)<o, 



FIG. 3: The Penrose diagram for a > 1, b > 1. The spacetime 
is singular along the straight line AB and the curved lines 
APC and BQC. 



> 0, 
< 0, 



2/3, 
2/3. 



(4.22) 



Thus, unlike the last case, now both potentials vj:^\(f)) 
are negative, while the two dust energy densities always 
have the same sign. 

To study the solutions further in this case, we shall 
consider the two subcases, a > |6| > 1 and |6| > a > 1, 
separately. 



a > -6 > 1 



When a > — 6 > 1, we have 

a-\b\ 



*2U,=0 = 
Xn-X = 




t = 



<o, 
>o, 



_ r>o, 
~ l<o, 

{a~\b\)t, 

ait~\b\y) 

\b\it-ay) 



t > 0, 
t < 0, 

t > 0, 
t < 0, 

IV, 
, III, 

, n, 
I. 



(4.23) 



Then, we find that the spacetime is singular along the 
line Xq = (a — \b\)t in Region IV, and the line Xq = 
a{t — \b\y) in Region ///, as shown in Fig. [H 

Before the collision (t < 0), the scalar field 0^^-' is 
constant on the 3-brane located on the hypersurface Si : 
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FIG. 4: The five-dimensional spacetime in the {t, y)-plane 
for a > —b > 1. The two 3-branes are moving along the 
hypersurfaces, Ei : t — ay — and E2 : t — \b\y = 0. The 
spacetime is singular along the line AB in Region IV and 
the line BC in Region III. The spacetime is also singular on 
the 3-brane at the point B where t — Ts- The four regions, 
/ - IV, are defined by Eq.((3U. 



c 




FIG. 5: The Penrose diagram for a > — fe > 1. The spacetime 
is singular along the lines AB and BC. 



2. -b> a>l 



t — ay = 0, so does the dust energy density pm"*- In 
contrast, both the scalar field (j)'^^^ and the dust energy 
density pm are time-dependent on the 3-brane located 
on E2 : i — |6|y = 0, and the corresponding spacetime is 
described by Eqs. (|iT5)) and (jiH)) with 77 < 0. Note that 
along the hypersurface S2, we have <E>i > for t < 0, as 
shown by Eg. ((4231) . 

After the collision, the 3-brane along E2 transfers its 
energy to the one along Si, so that its energy density 
Pm^ and potential vj:'^^ ((/)), as well as the scalar field 
become constant, while the energy density pm-* and the 
scalar field (jj^^^ become time-dependent. Because of the 
mutual focus of the two branes, a spacetime singularity 
is finally developed at t — Ts, denoted by the point B in 
Fig. m Afterwards, the spacetime becomes also singular 
along the line Xq — (a — \b\)t in Region IV and the 
line Xq = a{t — \b\y) in Region ///. It is interesting to 
note that these singularities are always formed, regardless 



When — & > a > 1, we have 



""m^ and pm^ . In fact, they are formed 
even when ^^^(x^ = 2/3) = = pll\x^ = 2/3), as 



of the signs of p„ 

can be seen from Eas. ((4J|) . ([iJ]) and (|4.10p . This is 

because the scalar field and the potentials V^^\(j}) are 
still non-zero, and due the non-linear interaction of the 
scalar field itself, spacetime singularities are still formed. 
The corresponding Penrose diagram is given by Fig. [51 



l|$2=0 



Xn-X 



\b\-a 

\b\ 
\b\-a 



t = 



>0, 
<0, 



/<0, 
a " l>0, 

Xo + {\b\-a)t, 
Xo-a{t-\b\y), 
Xo + \b\ {t-ay), 
0, 



t > 0, 
t < 0, 

t > 0, 
t < 0, 
IV, 

III, 

n, 
I. 



(4.24) 



Then, we find that the spacetime is singular along the line 
Xo = —{\b\ — a)t in Region IV and the line Xo — {a— \b\)t 
in Region III, as shown in Fig. [S] 

Unlike the last case, now the 3-brane on Si starts to 
expand at the singular point B where r = Ts, as shown 
in Fig. [51 and collides with the one on S2 at the moment 
r = (t = Q). After the collision, its energy density 

Pm^ the scalar field ^^^^ and the dust energy density pW 
on S2 become time-dependent, and the corresponding 
spacetime is described by Eqs. (|4.15p and (|4.16p with rj £ 
(0, —00). The corresponding Penrose diagram is given by 

Fig.m 
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a< -1, b> 1 



FIG. 6: The five-dimensional spacetime in the {t, y)-plane 
for —b > a > 1. The two 3-branes are moving along the 
hypersurfaces, Ei : t — ay = and E2 : t — \b\y — 0. The 
spacetime is singular along the line AB in Region IV and the 
line BC in Region ///. The spacetime is also singular on the 
3-brane at the point B. 




FIG. 7: The Penrose diagram for —b > a > 1. The spacetime 
is singular along the lines AB and BC. 



In this case, we find that 



(I) 



rni 



W > 0, 
> 0, 



< 2/3, 
> 2/3, 



(4.25) 



where / = 1, 2. Thus, in contrast to the last case, now 
both potentials (0) are positive, while the two dust 
energy densities always have the same sign. 



-a> b> 1 



When — a > 6 > 1, we have 



*2=0 



b 

-b 



Xn-X 



-t = 



r<o, t>o, 
l>o, t<o, 

> 0, t > 0, 
< 0, t < 0, 

Xo + i\a\ - b% IV, 

Xo + \a\{t + by), III, 

Xo-b{t+\a\y), II, 

0, I. 



(4.26) 



Then, the spacetime is singular along the line Xq = 
— (|a| — b)t in Region IV, and along the line = 
6 (t + \a\y) in Region //, as shown in Fig. [S] The corre- 
sponding Penrose diagram is given by Fig. [9] 
In this case, we also have 



(r) 
0(2) (^) 



a(3x^+2) 111 (^^ 



)], t>Q, 
t < 0, 

J-lnXo, t>0, 



[/3(r,-T)] TO 



-,(2) - 



-1 
' 



[7(77,-77)] 



6 > -a > 1 



t > 0, 
t < 0, 

t > 0, 

< < 0. 



(4.27) 



When b > —a > 1, we have 

b-\a\_ 



^2U,^o 
Xo-X 



-t = 



> 0, t>0, 
< 0, t < 0, 

r<o, t>o, 
I > 0, i < 0, 

Xo-{b-\a\)t, IV, 

Xo + |a|(t + 6y), III, 

X„-b{t+\a\y), II, 

0, I. 



(4.28) 
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FIG. 8: The five-dimensional spacetime in the {t, y)-plane 
for —a > b > 1. The two 3-branes are moving along the 
hypersurfaces, Ei : t + \a\y — and E2 : t + by — 0. The 
spacetime is singular along the line AB in Region IV and the 
line BC in Region //. The spacetime is also singular on the 
3-brane at the point B where rj = rjs- 




FIG. 10; The five-dimensional spacetime in the {t, y)-plane 
for b > —a > 1. The two 3-branes are moving along the 
hypersurfaces, Ei : f + \a\y = and E2 : t + by — 0. The 
spacetime is singular along the line AB in Region IV and the 
line BC in Region //. The spacetime is also singular on the 
3-brane at the point B where rj — rjs. 




c 



FIG. 9: The Penrose diagram for —a > 6 > 1. The spacetime 
is singular along the lines AB and BC. 



We also have 
(r) 



t > 0, 
t < 0, 



ilnXo, t<0, 



(1) 



^0 ' 



(2) ^ I [7 (77^ - 77)] 



t > 0, 
t < 0, 

t > 0, 
t < 0. 



(4.29) 



Then, the spacetime is singular along the line Xq — {b — 
\a\)t in Region IV, and along the hne Xq = b {t + \a\y) 
in Region II, as shown in Fig. [TOl The corresponding 
Penrose diagram is given by Fig. 1111 



D. 

In this case, we have 

.(1) 



a < -1, b < -1 



4 (<^) < 0, v}^\^)>o, 
2 > 2/ 

2/0/ 



= ■ 


r>o, 




l<o, 




r>o, 




[>o, 



< 2/3, 
> 2/3, 



(4.30) 
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FIG. 11: The Penrose diagram for b > — a > 1. The spacetime 
is singular along the lines AB and BC. 



and 



\b\ 



Xn-X = 



\b\ 
\a\ + \b\ 




t = 



> 0, 
< 0, 

I < 0, 

i\a\ + \b\)t, 
a\{t-\b\y) 
\b\ {t+\a\y) 



t > 0, 
t < 0, 

t > 0, 
t < 0, 

IV, 

III, 

n, 
I. 



(4.31) 



Then, we find that 



0(1) (7 



a(3x^+2) In (^^ 



t > 0, 
t < 0, 



^)(ry) = . 


f c(3x^+2) In [T 


77)], t>o, 
t < 0, 


P^P = ■ 


f[/?(r,-T)] 3x^+2 


i > 0, 
t < 0, 




^ [7 (»7s - V)] 


* > 0' (4.32) 



Note that in the present case, after the coUision i > 0, we 
have T, 77 < 0. Thus, in this case the spacetime is free of 
any kind singularity in aU the four regions, as weU as on 
the two branes, as shown in Fig. [T^l The corresponding 
Penrose diagram is given by Fig. 1131 

It is interesting to note that when — 2/3, the dust 
fluid on each of the two 3-branes disappears, and the 
branes are supported only by the tensions, where the 




FIG. 12; The five-dimensional spacetime in the {t, y)-plane 
for a < —1, b < —1. The two 3-branes are moving along the 
hypersurfaces, Ei : t -I- \a\y — and E2 : t — \b\y = 0. The 
spacetime is free of any kind of spacetime singularities in the 
four regions, / — IV , as well as on the two 3-branes. 



brane along Ei has a negative tension, while the one 
along Si has a positive tension. It is also interesting to 
note that, when 7^ 2/3, both dust fluid are present, 
but they always have opposite signs, that is, if one satis- 
fies the energy conditions [2l| , the other one must violate 
these conditions. 



V. COLLIDING 3-BRANES IN THE 
5-DIMENSIONAL STRING FRAME 

The spacetime singularity behavior in general can be 
quite different in the two frames, due to the conformal 
transformations of Ea. (|2.9[) . which are often singular. 
The 5-dimensional spacetime in the string frame is given 
by 

= e2*(*'^) {dt^ - dy^) - e2-(*'^)dE2, (5.I) 
where dEg is given in Eq. (|3.ip . and 



a{t,y) -: 
uj{t,y) ; 

\ O V J-^ 

^{t,y) ^ {Xo-Xy-^''. 
where e = ±1. 




l-e^^x)ln(Xo-X), 



(5.2) 
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FIG. 13; The Penrose diagram for a < -1, 6 < -1. The 
spacetime is non-singular in all the regions. 



1. The Spacetime Singularities in Regions I — IV 

To study the spacetime singularities in Regions I — IV, 
let us consider the quantity, 



20 {Xo-xy- 



(5.3) 



where B is given by Eq. (|4.8p . Comparing the above ex- 
pression with Eq. (|4.7p , we find that the spacetime in Re- 
gions / — IV is singular in the string frame whenever it 
is singular in the Einstein frame, although the strength 
of the singularity is different, as can be seen clearly from 
the following expression, 



20- 



R 



= [Xo - XT 



(5.4) 



In particular, if ea > the singularity in the Einstein 
frame is stronger, and if ea < it is the other way around. 



2. The Spacetime on the 3-brane t = ay 
On the hypersurface t = ay, the metric (|5.ip reduces 



to 



where 



I aorf , $2 < 0, 



(5.5) 



(i)(f) = 




, $2 > 0, 



$2 < 0, 



(5.6) 



with 



/3 (f, - f)J , $2 > 0, 

L Xo, $2 < 0, 



X 2 

ex + 77? > 0' 



16 



S\3 12 



(5.7) 



Note that in writing the above expressions, we had chosen 
tf = sign(a -1-6). To study the spacetime singularity on 
the brane, we calculate the Ricci scalar, which now is 
given by 



R 



(4)A 3A (2 - A) 
2ao (ts - r) 



(5.8) 



where 



A-F2 = - 



„/ /15\ 115 



A-2 = -- 



, 5 \ 19 



>o, 



<0. (5.9) 



3. The Spacetime on the 3-brane t = —by 

Similarly, on the 3-brane located on the hypersurface 
$2 = 0, the metric (|5.ip reduces to 



a2 



(5.10) 



where where 

a.vij]) = 

0(2) (^) ^ 



ao iVs -fl) , $1 > 0, 
$1 < 0, 



[7 (^7. 

(;y^^rV 207 



' ' (5.11) 



$1 < 0, 



with 



Xo-X(2) = i lliVs-fl)]^ , $1 >0, 



Xo, $1 < 0, 

a + b ^ _ \a{a + b)\ 



-t, 7 = 



5, 



7 ^0: 



(5.12) 
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but now we have ao = 7"^ and €fj = sign(a + 6). For the 
metric (|5.10p . we also find that 



R 



(4)A ^ 3A(2- A) 
^ 2ao {fis - ff)^^"^ 



(5.13) 



From Eqs. (|5.8p and (|5.13p we can see that the spacetime 
on each of the branes is not singular when A = or 

X — ^\J'^- As a matter of fact, in this case the spacetime 

on each of the two branes is flat. Thus, in the following 

we need to consider only the case x ^ 

From Eqs.dSHl-jnil) and Eas. ((5lTl) - ([5T51) . it can be 

shown that the spacetime singularities on each of the 
two branes are similar to these in the Einstein frame. For 
example, for the case a > 1, 5 > 1, it is singular at f = f ^ 
and i) = f}s, which correspond to, respectively, the point 
A and B in Fig. [3] Similarly, the spacetime is free from 
any kind of singularities for the case a<— 1, 6<— 1, 
and the corresponding Penrose diagram is also given by 

Fig. m 



VI. COLLIDING 3-BRANES IN THE 
10-DIMENSIONAL SPACRTIMES 

Lifting the metric to 10-dimcnsions, it is given by 
Ea. (|3.1[) . which can be cast in the form. 



-4? {t,y) d^l 



(6.1) 



where it, Cj and (j) are given by Ea. (j5.2p . and dY?^ 

-E 



\ j=i li] i^'^) dz^dz^ . Then, it can be shown that the 



spacetime in Regions / — IV is vacuum. 



R 



(A) 

AB 



0, 



(6.2) 



where A — I,..., IV, as it is expected. To study the 
singular behavior of the spacetime in these regions, we 
calculate the Kretschmann scalar, which in the present 
case is given by 



10 



p nABCD 
R2r(0) 

^ ho 



(^0 



where B is given by Eq. (|4.8p . and 



(6.3) 



l[°J = -;-[(720x^ + 1287x* + 200x^ + 40) 



1 



45 



-312eW-x^ (2 + 3x') 



It can be shown that /^[q^ is non-zero for any given 
X- Then, comparing the expression of Ea. (|6.3p with 



(6.4) 



Eq. (|4.7p . we find that the lifted 10-dimensional space- 
time has a similar singular behavior as that in the 5- 
dimensional spacetime in the Einstein frame. In partic- 
ular, it is also singular on the hypersurface Xq — X — 0. 
On the hypersurface t = ay, the metric (|6.ip reduces 

to 

<i'^^\t=ay = - (^) - bl (f) dJ:l, (6.5) 

where a„ (f) and 6„ (f) = 0^^' (f) are given by Eqs. (|5.6p 
and (15. 7p . On the 8-brane, the Einstein tensor has distri- 
bution given by Eas. (|A.8p and (|A.9p . Inserting Eq. ([57 



into Eq. (|5.7p . and noticing that tp = \n 



1 



we find 



[Xo-X(^){t)]' 



[Xo-XWit)]' 
b (a2 - 1) 




[xo-xw{t)y 

where X'^^^t) is given by Eq. ()5.7p . and 
M=2 (x-e 



(6.6) 



(6.7) 



Clearly, whenever Xq — X'-^^t) = 0, the spacetime on the 
8-brane is singular. 

On the hypersurface t = —by, the metric (|6.ip reduces 

to 

d'hl^.by = - al (t)) dY.1 - bl (,)) dY.1, (6.8) 




where (fj) and by (?)) = (/j^^^ (ry) are given by Eqs. (|5.1ip 
and ()5.12p . On this 8-brane, the Einstein tensor has dis- 
tribution given by Eas. (|A.lip and (|A.12p . which in the 
present case yield, 



Pv 



Pv 



a (62 - 1) 

[Xo-X(2)(t)]'" 

a (62 - 1) 

"[X0-X(2)(t)]' 

a (62 - 1) 

"[Xo-X(2)(t)]' 




(6.9) 



where X'-^^t) is given by Eq. (|5.12p . Thus, the spacetime 
on this 8-brane is also singular whenever Xq — X^^^t) = 
0. 

When a > 1 and 6 > 1, from Eas. (|6.6p and (|6.9p it can 
be shown that both of the weak and dominant energy 
conditions [2l| are satisfied by the matter fields on the 
two 8-branes, provided that 



< Y < 



< Y < 



(6.10) 
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but the strong energy condition is always violated. When 
a > 1 and 6 < — 1, the matter field on the 8-brane $i = 
violates all the three energy conditions, while the one 
on the 8-brane $2 = satisfies the weak and dominant 
energy conditions, provided that the conditions (|6.10[) 
holds, but violates the strong one. When a < — 1 and 
6 > 1, it is the other way around, that is, the matter field 
on the 8-brane $1 = satisfies the weak and dominant 
energy conditions, provided that the conditions (|6.10|) 
holds, but violates the strong one, while the one on the 
8-brane $2 = violates all the three energy conditions. 
When a < — 1 and 6 < — 1, the matter fields on the two 8- 
branes all violate the three energy conditions. However, 
in all these four cases, the spacetime singular behavior is 
similar to the corresponding 5-dimensional cases in the 
Einstein frame. In particular, in the first three cases 
the spacetime in the four regions and on the 8-branes 
are always singular, and the corresponding Penrose dia- 
grams are given, respectively, by Figs. El O [3 [51 andfTTl 
but now each point in these figures now represents a 8- 
dimensional spatial space. In the last case, in which the 
matter fields on the two 8-branes violate all the energy 
conditions, the spacetime is free of any kind of spacetime 
singularities, either in Regions / — IV or on the two 8- 
branes, and the corresponding Penrose diagram is given 
by Fig. [131 Therefore, all the above results seemingly 
indicate that violating the energy conditions is a neces- 
sary condition for spacetimes of colliding branes to be 
non-singular. 



VII. CONCLUSIONS 

In this paper, we have first developed the general for- 
mulas to describe the collision of two timelike (D-1)- 
branes without Z2 symmetry in a D-dimensional effec- 
tive theory, obtained from the toroidal compactification 
of the Neveu-Schwarz/Neveu-Schwarz (NS-NS) sector in 
(D-|-d) dimensions. Applying the formulas to the case 

= 5 = d for a class of spacetimes. In Section III we 
have obtained explicitly the field equations both outside 
and on the 3-branes in terms of distributions. In Section 
IV, we have considered a class of exact solutions that rep- 
resents the collision of two 3-branes in the Einstein frame, 
and studied their local and global properties in details. 
We have found, among other things, that the collision in 
general ends up with the formation of spacetime singu- 
larities, due to the mutual focus of the colliding branes, 
although non-singular spacetime also exist, with the price 
that both of the two branes violate all the energy con- 
ditions, weak, strong and dominant. Similar conclusions 
hold also in the 5-dimensional string frame. This has 
been done in Section V. In Section VI, after lifted the 
solutions to 10-dimensional spacetimes, we have found 
that the corresponding solutions represent the collision 
of two timelike 8-branes without Z2 symmetry. In some 
cases the two 8-branes satisfy the weak and dominant 
energy conditions, while in other case, they do not. But, 



in all these cases the strong energy condition is always 
violated. The formation of spacetime singularities due 
to the mutual focus of the two colliding branes occurs in 
general, although the non-singular cases also exist with 
the price that both of the two branes violate all the three 
energy conditions. The spacetime singular behavior is 
similar in the 5-dimensional effective theory to that of 
10-dimensional string theory. 

In this paper, we have ignored the dilaton $ and the 
three- form field Habc- It would be very interesting to 
see how these fields affect the formation of the spacetime 
singularities. In addition, it would also be very interest- 
ing to see what might happen if the branes are allowed 
to collide more than one time. 
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Appendix: Gravitational field equations in the 
lO-dimensional bulli and on the 8-branes 

For the metric, 

d^w = e2*(*'^) {dt^ ~ dy^) ~ e2^(*^^)dE2 

-4>''(t,y)dT.l, (A.l) 

where 

dY.l^Y.^dx^f^ dK^jZidzf, (A.2) 



p=2 i=l 

the non-vanishing components of the Einstein tensor are 
given by, 

G^t°^ = StJ^f ((7,4 + L2)_f) + 5V3,t (o-,t + 3a)^t + 2?/'^f 
+a^y (^5u^y + bij) 



G 



(10) 

ty 



= -3tj_4y - 5i/', 



(7(10) 

yy 



G(io) 



+ 3 {(T^tt^^y + a^yUJ^t - '^,tU},y) 

+5 [cr^t'i'^y + cr^yi>^t - V',t'0,?/) , 
-3w,tt - 5'0,tt - 15V',f {uj^t + '0,t 

+ iUJ,y (ffy -I- Cj^y) 

^pq^ ^" ^rVV ^yy ^yy 



y I + 



16 



(A.3) 



where p, g = 2, 3, 4 and i, j = 1, 5, and -0 = In 



A. Field Equations on the hypersurface $1=0 

Following Section III.B.l, it can be shown that the 
derivatives of any given function F{t,y), which is 
across the hypersurface $i = and at least in the 
regions $i > and $i > 0, are given by Ea. p.32p but 
now with N being replaced by iV, and Ua and Ua by, 
respectively, ha and Mq, where 

ha = N{6l-a6y), 



N 



(a2- 1)1/2' 
Hence, Eg. lfO)) can be cast in the form, 



(A.4) 



G 



(10) 
ab 



(10)- 



(A.5) 



where G 



(10)- 



is the Einstein tensor calculated 



in the region $1 > ($1 < 0), and g'^J"^-^™ denotes the 
distribution of the Einstein tensor on the hypersurface 
$1 = 0, which has the following non-vanishing compo- 
nents, 



^(10)/m 



= a^AT 3[cj„]"-h5 



G 



(la)Im 

ty 



= -aN 3 [ujn] + 5 



^(10)/m 

yy 

PI 



= A^ 3p„] +5 



+2 [Un] + 5 



G 



(10)/m 



+3[c^„] +4 
Introducing the unit vectors. 



(A.6) 
(A.7) 



we find that Eq. (jA.6p can be cast in the form, 



(p) 

b 



\ p=2 

J 



(A., 



where 



Pu 



3 [uJn] + 5 



[<T„] +2[c2;„] +5 



3 [cD„ 



(A.9) 



B. Field Equations on the hypersurface $2=0 

Similarly, it can be shown that, crossing the hypersur- 
face $2 = 0, Ea. (|A.3p can be cast in the form. 



G 



(10) 



dlt^+H{<i>,)+G':i>-[l-Hi<i>,)] 



(10)- 



+gT"'H^2).. 



(A.IO) 



but now G 



(10) + 



ab a? ) Einstein tensor calcu- 

lated in the region $2 > ($2 < 0), and G^^"^^™ denotes 
the distribution of the Einstein tensor on the hypersur- 
face $2 — 0, which can be written in the form, 



gT"" = .lo[p.iaVb+P^j:x(r')xi^^ 



\ P=2 

1=1 / 



(A.ll) 



where 



and 



Pv 



Pv 



Pv 



r 



3N" + 5 
2p; 
3 [(2ji 



-0; 



(A.12) 



— A' 



ia = L{5i + bsy), va^L{bsl + 6y), 

L = — —. (A.13) 



(62 _ 1) 



1/2- 



17 



[1] 



[2] 



[3] 



[4] 



[5] 



J. Polchinski, String Theory, Vol. 1 & 2 (Cambridge Uni- 
versity Press, Cambridge, 2001); C. V. Johson, D-Branes, 
Cambridge Monographs on Mathematical Physics (Cam- 
bridge University Press, Cambridge, 2003); and K. 
Becker, M. becker, and J.H. Schwarz, String Theory 
and M-Theory, (Cambridge University Press, Cambridge, 
2007). 

N. Jon es, H. S toica, and. S.-H. Tye, JHEP, 0207, 051 
(2002) [arXiv:hep-th/020316 3,; S.-H. Tye , "A New View 
of the Cosmic Landscape," |arXiv:hep-th/0611148| (2006); 
and references therein. 

V.A. Rubakov, Phys. Usp. 44, 871 (2001) 
arXiv:hep-ph/0104152 ^; S. Forste, Fortsch. Phys. 



50, 221 (2002) arXiv:hep-th/0110055 ; CP. Burgess, 



[8] 



et al, JHEP, 0201, 014^(2002) arXiv:hep-ph/0201160 ; 
E. Papantonopoulos, Lcct. Notes Phys. 592, 458 (2002) 
arXiv:hep-th/0202044 ; R. Maartens, Living Reviews of 
Relativity 7, 7 (2004) arXiv:gr- qc/0312059 ; P. Brax, 

C. van de Bruck and A. C. Davis, Rept. Prog. Phys. 67, 
2183 (2004) arXiv:hep-th/0404011'; U. Giinther and A. 
Zhuk, ^'Phenomenology of Brane-World Cosmological 
Models;' arXiv:gr-qc/0410130 (2004); P. Brax, C. van de 
Bruck, and A.C. Davis, "Brane World Cosmology," Rept. 
Prog. Phys. 67, 2183 (2004) arXiv:hep-th/0404011 ; V. 
Sahni, "Cosmological Surprises from Braneworld models 
of Dark Energy," (2005) [arXiv:astro -ph/0502032 ; R. 
Durrer, "Braneworlds," (2005) 'arXiv:hep-th/0507006 ; 

D. Langlois, "Is our Universe Brany," (2005) 
arXiv:hep-th/0509231 ; A. Lue, "Phenomenology 
of Dvali-Gabadadze-Porrati Cosmologies," Phys. Rept. 
423, 1 (2006) ar Xiv:astro- ph/0510068 ; D. Wands, 
"Brane-world cosmology," (2006) arXiv:gr-qc/0601078 ; 
R. Maartens, "Dark Energy from Brane-world Gravity," 
arXiv:astro-ph/0602415 (2006); E. J. Copeland, M. 
Sami, and S. Tsujikawa, Int. J. Mod. Phys. D 15, 1753 
(2006) arXiv:hep-th/0603057 ; and references therein. 
R. Brandenberger and C. Vafa, Nucl. Phys. B 316, 
391 (1989); A. A. Tsey tlin and C. Vafa, N ucl. 
Phys. B 372, 443 (1992) arXi v:hep-th/9109048] ; A. 
A. Tseytlin, Class. Quant. Grav. 9, 979 (1992) 
[arXiv:hep-th/9112004 ; R. Brandenberger, "String Gas 
Cosmology," arXiv:0808.0746 , and references therein. 

J. Khoury, B. A. Ovrut, P. J. Steinhardt, and N. Turok, 
Phys. Rev. D64, 123522 (2001); A. Neronov, JHEP, 
0111, 007 (2001) arXiv:hep-th/0109090 ; P. J. Stein- 
hardt and N. Turok, Science, 296, 1436 (2002); 
J.-L. Lehners, "Ekpyrotic and Cyclic Cosmology," 
arXiv:0806.1245 ; and references therein. 
Z. C. Wu, Phys. Rev. D28, 1898 (1983). 
D. Langlois, K. Maeda, and D. Wands, Phys. 
Rev. Lett. 88,181301 (2002) >arXiv:gr-qc/0111013"; Y. 
Takamizu and K. Maeda, Phys. Rev. D 70, 123514 
(2004) arXiv:hep-th/0406235 ; ibid., 73, 103508 (2006) 
arXiv:hep-th/0603076 ; Y. Takamizu, H. Kudoh, and K. 
Maeda, "Dynamics of colliding branes and black brane 
production," (2007) arXiv:gr- qc/0702138 . 
J.J. Blanco-Pillado, M. Bucher, S. Ghassemi, 
and F. Glanois, Phys. Rev. D69, 103515 (2004) 



[9] 

[10] 

[11] 
[12] 

[13] 



and C.N. Pope, Phys. 



"Col- 
(2006) 

(2008) 



'arXiv:hep-th/0306151'. 

G. W. Gibbons, H. Lii, 

Rev. Lett. 94, 131602 (2005) arXiv:hep-th/050 1117 
W. Chen, Z.-C. Chong, G.W. Gibbons, H. Lii, 
and C.N. Pope, Nucl. Phys. B 732, 118 (2006) 
;arXiv:hep-th/050207 7 . 

J. Lehners, P. McFadden, and N. Turok, 
liding Branes in Heterotic M-theory," 
[arXiv:hep-th/0611259 . 

ATTziolas, and A. Wang, Phys. Lett. B661, 5 
arXiv;0704.1311 . 

J.E. Lidsey, D. Wands, and E.J. Copeland, Phys. Rept. 
337, 343 (2000); and M. Gasperini, Elements of String 
Cosmology (Cambridge University Press, Cambridge, 
2007). 

H. Horava and E. Witten, Nucl. Phys. B460, 506 (1996); 
475, 94 (1996); A. Lukas, et al., Phys. Rev. D59, 086001 
(1999); Nucl. Phys. B552, 246 (1999); A. Lukas, B.A. 
Ovrut, and D. Waldram, ibid., 60, 086001 (1999); K. 
Benakh, Int. J. Mod. Phys. D8, 153 (1999); H.S. Reall, 
Phys. Rev. D59, 103506 (1999); W. Chen, et al, Nucl. 
Phys. B732, 118 (2006); J.-L. Lehners, P. McFadden, 
and N. Turok, Phys. Rev. D75, 103510 (2007). 

[14] Y.-G. Gong, A. Wang, and Q. Wu, Phys. Lett. B 663, 147 
(2008) arXiv :0711,1597 _j Q. Wu and A. Wang, "Brany 
cosmology in the Horava-Witten heterotic M-Theory on 
S^/Z2," arXiv:0810.5377 

[15] W.D. Goldberger and M.B. Wise, Phys. Rev. Lett. 83, 
4922 (1999). 

[16] A. Wang and N.O. Santos, Phys. Lett. B669, 127 (2008) 
[arXi^: 0712.3938 ; Q. Wu, N.O. Santos, P. Vo, and A. 
Wang, JCAP, 09, 004 (2008) arXiv:0804.0620 ; A. Wang 
and N.O. Santos, "The hierarchy problem, the 4D Newto- 
nian potential and its Yukawa corrections in string theory 
on S^/Z2," arXiv:0808.2055 

[17] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 
(1999). 

[18] E. Verdaguer, Phys. Report, 229, 1 (1993); and E. 

Hirschmann, A. Wang, and Y. Wu, Class. Quantum 

Grav., 21, 1791 (2004). 
[19] A. Wang, R.-G. Cai, N.O. Santos, Nucl. Phys. B797, 395 

(2008) arXiv:astro-ph/0607371 . 
[20] N. Arkani-Hamed, et al, Phys. Lett. B480, 193 (2000); 

S. Kachru, M.B. Schulz, and E. Silverstein, Phys. Rev. 

D62, 045021 (2000); S. Forste, et al, Phys. Lett. B481, 

360 (2000); JHEP, 0009, 034 (2000); C. Csaki, et al, 

Nucl. Phys. B604, 312 (2001); C. Csaki, J. Erlich, and 

C. Grojean, Gen. Relativ. Grav. 33, 1921 (2001); J.M. 

Cline and H. Firouzjahi, Phys. Rev. D65, 043501 (2002); 

Y. Aghababaie, et al, Nucl. Phys. B680, 389 (2004); 

JHEP, 0309, 037 (2003); CP. Burgess, Ann. Phys. 313, 

283 (2004); AIP Conf. Proc. 743, 417 (2005); and CP. 

Burgess , J. Matias, and F. Quevedo, Nucl. Phys. B706, 

71 (2005). 

[21] S.W. Hawking and G.F.R. Ellis, The large scale structure 
of space-time (Cambridge University Press, Cambridge, 
1973). 



